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Abstract
We construct an arbitrage-free short rate model under Knightian uncertainty about the
volatility. The uncertainty is represented by a set of priors, which naturally leads to a
G-Brownian motion. Within this framework, it is shown how to characterize the whole
term structure without admitting arbitrage. The pricing of zero-coupon bonds in such a
setting differs substantially from traditional models, since the prices need to be chosen in
a different way in order to exclude arbitrage.
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1 Introduction
Nowadays, there is an increasing literature on robust finance, examining financial markets under
uncertainty by exploring new ways of describing the randomness influencing these markets. The
problem is that most of the traditional financial models fail to represent the uncertainty, since
they are based on very strong probabilistic assumptions. This makes it easy to price contracts
on financial quantities, but the models neglect the fact that the evolution of these quantities is
actually unknown and does not follow any probabilistic law.
To relax these assumptions, we construct a short rate model with Knightian uncertainty
about the volatility, that is, we only assume that the volatility has to lie in a certain band
without any further specification. This is advantageous, because the volatility is typically the
only parameter in interest rate models that has to be estimated. The remaining parameters
are obtained by fitting the model to the current prices, observed on the market.
In order to represent this mathematically, we construct a set of beliefs. This is a set of
measures such that the canonical process has a different volatility under each measure. With
such a set of measures, we can define a sublinear expectation, which can be seen as a worst-
case measure. Under such a sublinear expectation, the canonical process becomes a G-Brownian
motion, i.e., a Brownian motion with an uncertain volatility. In particular, the G-Brownian
motion is used to describe the evolution of the short rate process.
The crucial characteristic of volatility uncertainty is that the set of beliefs is nondominated,
which means it is not enough to find a single martingale measure. If we want the corresponding
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bond market in the model to be arbitrage-free, we need to have bond prices such that the
discounted bonds are martingales in each possible scenario for the volatility. However, it is
possible to show that this cannot be satisfied under the initially given set of beliefs.
Therefore, we need to use a Girsanov transformation to change the dynamics of the short
rate. Indeed, if we choose the market price of risk, which is obtained after such a transformation,
in a certain way, we get a unique arbitrage-free term structure. Even though the short rate has
different dynamics after the Girsanov transformation compared to the classical model, we find
that the bond prices as well as the dynamics of the short rate are still consistent with the ones
of the classical model without volatility uncertainty after fitting the model to the yield curve.
In the literature, the concept of “Knightian uncertainty” or “model uncertainty” was intro-
duced in Knight (2012) for the first time. It is considered to be the counterpart of risk, because
risk can be measured by a probability in contrast to uncertainty. This uncertainty should be
used when events in reality are too complex or the related data is missing to calculate the risk
of such an event. So it can be helpful in financial models, since there is usually no reason to
believe that the underlying quantities have a certain distribution. Though, this is difficult to
model, because it is not amenable to the usual stochastic calculus.
Fortunately, there are recently many approaches to describe such uncertainty mathemati-
cally. On the one hand, there is the approach from Denis and Martini (2006), which starts from
a probabilistic point of view. On the other hand, there is the theory of G-Brownian motion from
Peng (2010), where distributions are characterized by nonlinear partial differential equations.
Indeed, both approaches are connected by a duality, which is examined in Denis, Hu, and Peng
(2011). We mainly use the theory of G-Brownian motion in this model.
Using nonlinear expectations, this theory generalizes the usual probability space to define
a generalized normal distribution including uncertainty about the variance. With this distri-
bution, it is possible to construct processes where the volatility is uncertain. Furthermore,
a stochastic integral and a version of Itoˆ’s formula can be obtained within this scope. For
the application to finance, it is also worth mentioning that the notion of martingales in this
framework has slightly different properties than in the usual one. Some further results, like a
generalized Itoˆ formula and a Girsanov transformation, can be found in Li and Peng (2011)
and Hu, Ji, Peng, and Song (2014).
The general idea of Knightian uncertainty has already been applied to asset markets in
Avellaneda, Levy, and Para´s (1995) and Lyons (1995) or, more recently, in Epstein and Ji
(2013) and Vorbrink (2014). All of them are considering volatility uncertainty, but the latter
is the only one incorporating a detailed discussion about the concept of arbitrage within this
framework. For more general market models and, especially, the concept of no-arbitrage, one
may refer to Bouchard and Nutz (2015), Biagini, Bouchard, Kardaras, and Nutz (2017), or
Burzoni, Riedel, and Soner (2017).
Additionally, there are also models featuring an ambiguous interest rate, like El Karoui and
Ravanelli (2009) or Lin and Riedel (2014). However, there are only a few models about pricing
bonds or, in general, contracts on the interest rate which simultaneously allow for an uncertain
interest rate.
First of all, there is Epstein and Wilmott (1999). They recognize the problem of the accurate
estimation of parameters in interest rate models and introduce an interest rate model with no
underlying probabilistic assumptions. Instead, they use uncertainty to describe the evolution of
the short rate. In order to value contracts on the interest rate they use a worst- and best-case
measure. This typically leads to a range of values for the contract from the worst to the best,
which is similar to the earlier mentioned models about volatility uncertainty. Unfortunately,
the discussion about the absence of arbitrage is, like all of the derivations in the model, very
intuitive and less mathematical. Furthermore, there is Avellaneda and Lewicki (1996). They
adapt the principle of volatility uncertainty to construct an interest rate model that also leads
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to a range of values. However, the absence of arbitrage is treated in a very intuitive way as
well.
On the other hand, there are Fadina and Schmidt (2018) and Fadina, Neufeld, and Schmidt
(2018). The first one deals with a term structure model with default risk and ambiguity. The
ambiguous parameter in this model is the default intensity and the set of priors is dominated,
which is called homogeneous ambiguity. Indeed, this simplifies the discussion about arbitrage
compared to the undominated case and results in a range of no-arbitrage prices for the de-
faultable bonds. The latter one is about affine processes with parameter uncertainty and the
related interest rate models under ambiguity. In particular, it is shown how to price bonds or
other contracts on the interest rate by solving nonlinear partial differential equations, resulting
in a range of prices too. However, this procedure is justified by a superhedging argument from
Biagini, Bouchard, Kardaras, and Nutz (2017), which is not reasonable for pricing bonds, since
they are the fundamental quantities in fixed income markets, i.e., they cannot be hedged.
The paper is organized as follows. Section 2 is about the general setup of the model, which
includes a construction of the set of beliefs and the characterization of the short rate. In Section
3, we introduce the bond market and the notion of arbitrage to show that it is not possible to
obtain an arbitrage-free term structure under the given set of beliefs. Hence, we extend the
state space in Section 4 to use a Girsanov transformation. Section 5 provides a framework,
where the arbitrage-free term structure is uniquely characterized. Before concluding, we show
how to fit the bond prices to the yield curve in Section 6.
2 Model Framework
The fundamental of the model is the short rate, which corresponds to the instantaneous spot
interest rate. It is modeled by a diffusion process and used to determine all of the bond prices,
that is, the whole term structure. However, we additionally want to incorporate volatility
uncertainty. To represent the volatility uncertainty, we start by constructing a set of beliefs,
which is similar to Vorbrink (2014).
This construction naturally leads to a sublinear expectation and a G-Brownian motion by
the duality result from Denis, Hu, and Peng (2011). The G-Brownian motion is then used to
characterize the behavior of the short rate. The concept of G-Brownian motion and its related
calculus is introduced in Peng (2010) and is the main pillar of the mathematical analysis in
this model.
First of all, we consider a probability space (Ω,F , P ) such that Ω := C0(R+), F := B(Ω),
and P is the Wiener measure. Furthermore, we denote by B = (Bt)t the canonical process,
which is a Brownian motion under P , and (Ft)t is chosen to be the filtration generated by B
completed by all P -null sets.
The state space for the volatility is given by the interval [σ, σ], where σ ≥ σ > 0. The
collection of all [σ, σ]-valued, progressively measurable processes σ = (σt)t is denoted by A,
which represents the set of possible volatility processes. This means we only assume that there
is an upper and a lower bound for the volatility without specifying how the volatility process
should behave.
Now we construct a set of measures such that under each measure the canonical process has
a different volatility. So for each volatility process σ ∈ A, we denote by Bσ = (Bσt )t a Brownian
motion with volatility σ,
Bσt :=
∫ t
0
σsdBs,
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and we define the measure P σ to be the law of the process Bσ, that is,
P σ := P ◦ (Bσ)−1
for all σ ∈ A. Denote by P the closure of {P σ|σ ∈ A} under the topology of weak convergence,
which is the set of all beliefs.
In the end, we can define a sublinear expectation Eˆ as the upper expectation of the set of
beliefs P, i.e.,
Eˆ[X ] := sup
P∈P
EP [X ]
for all measurable X such that EP [X ] exists for all P ∈ P. In particular, Eˆ can be understood
as a risk measure, since it satisfies the same conditions as a coherent risk measure. For example,
if X is some financial loss, then Eˆ yields the highest expected loss.
Moreover, according to Denis, Hu, and Peng (2011), Eˆ corresponds to the G-expectation
on L1G(Ω) and the canonical process B is a G-Brownian motion on the G-expectation space
(Ω, L1G(Ω), Eˆ). The letter G stands for a sublinear function, which is, in this case, given by
G(a) = 1
2
sup
σ∈[σ2,σ2]
{σa}
for a ∈ R and characterizes the distribution of the G-Brownian motion. The details regarding
the calculus of G-Brownian motion can be found in Peng (2010) or in Section A of the appendix.
So now we can use B to represent the volatility uncertainty, since the G-Brownian motion
has no mean uncertainty but variance uncertainty, i.e.,
Eˆ[Bt] = 0 = −Eˆ[−Bt]
and
Eˆ[B2t ] = σ
2t > σ2t = −Eˆ[−B2t ].
Thus, the canonical process can evolve with a volatility being at most σ and at least σ.
Besides, it is important in this framework to introduce the terminology of “quasi surely”,
which generalizes the notion of “almost surely”, since we are dealing with more than one
measure. We say that a set A ∈ F happens quasi surely if
P θ(A) = 1 for all P θ ∈ P.
This means that a set happens quasi surely if it happens almost surely under all beliefs. In
particular, all equations in the following should be understood to hold quasi surely. Further-
more, we also use the terminology “P-quasi surely” if we need to indicate under which set of
measures the statement holds quasi surely.
After the construction of the set of beliefs, we are able to use the G-Brownian motion to
characterize the behavior of the short rate. In general, we want to model it as a diffusion process
as it is the common practice in short rate models. In most of them, the spot interest rate is
modeled as a mean reverting process, since this is reasonable for representing the interest rate.
Vasicek (1977), for example, assumes that the short rate evolves as an Ornstein-Uhlenbeck
process with constant parameters. This approach is extended by Hull and White (1990) to
time dependent parameters, which has the advantage to be more realistic and to admit a better
fit to the yield curve.
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In this model, we choose the same structure. The difference is that we include volatility
uncertainty by replacing the standard Brownian motion by a G-Brownian motion. Hence, the
short rate process r = (rt)t is supposed to be given by the G-stochastic differential equation
rt = r0 +
∫ t
0
(
µ(s)− αrs
)
ds+Bt
for some integrable function µ : R → R and some constant α > 0, where B is the G-Brownian
motion. So all in all, we have a time dependent but deterministic mean reversion level and
a time dependent volatility, which is uncertain. This is desirable, since we can use the mean
reversion level for yield curve fitting later on and we do not have to specify any volatility
structure.
In particular, by Peng (2010), the stochastic differential equation has a unique solution in
M¯2G(0, T ) ⊆M2G(0, T ) for any T <∞, given by
rt = e
−αtr0 +
∫ t
0
e−α(t−s)µ(s)ds+
∫ t
0
e−α(t−s)dBs.
This can be verified by using the Itoˆ formula for G-Brownian motion from Li and Peng (2011).
The verification works totally analogous to the standard case. As we see, the short rate has a
deterministic mean but the variance is uncertain. This fact is important for the discussion in
Section 5.
3 Bond Market
The next step is to deal with the problem of pricing bonds such that the related bond market
is arbitrage-free, i.e., determining an arbitrage-free term structure. First of all, we set up the
structure of the bond market and introduce the quasi sure notion of arbitrage. Then we show
under which condition the market is arbitrage-free and that this condition cannot be satisfied
under the initially given set of beliefs.
Let us consider a bond market over a finite time horizon [0, τ ]. The market consists of the
following investment opportunities. The first one is to invest in the money-market account,
which is determined by the short rate r. The money-market account is denoted by D = (Dt)t≤τ
and is supposed to satisfy
Dt = 1 +
∫ t
0
rsDsds.
D is well-defined, since r ∈ M¯2G(0, τ), and given by
Dt = exp
(∫ t
0
rsds
)
.
Besides, the market provides bonds for all maturities within the time horizon. In particular,
the price of such a bond with maturity T ∈ [0, τ ] at time t ≤ T is denoted by P (t, T ). The
bond has a terminal payoff of 1, that is,
P (T, T ) = 1.
Indeed, we want to use the money-market account D as a nume´raire in the following. So
we restrict to the discounted bond prices
P˜ (t, T ) := D−1t P (t, T ).
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Furthermore, we assume that, for each T ∈ [0, τ ], the discounted bond price process (P˜ (t, T ))t≤T
is a diffusion process,
P˜ (t, T ) = P˜ (0, T ) +
∫ t
0
αTs ds+
∫ t
0
βTs dBs +
∫ t
0
γTs d〈B〉s
for αT , γT , βT ∈ M2G(0, T ). This is a technical assumption to make the following definition
work. In fact, it is satisfied in all of the succeeding scenarios.
Now the agents can participate in the market by buying and selling a finite number of
discounted bonds over the time horizon. This means that they can choose a finite number of
bonds and decide on how much of them they want to buy or sell to create a portfolio.
Definition 3.1. An admissible market strategy (pi, T ) is a partition
T = (T1, ..., Tn)
such that 0 < T1 < ... < Tn ≤ τ and an Rn-valued stochastic process
pi = (pi1t , ..., pi
n
t )t
such that piiαTi, piiβTi, piiγTi ∈ M2G(0, Ti) for i = 1, ..., n. The corresponding portfolio value is
given by
v˜t(pi, T ) =
n∑
i=1
∫ t∧Ti
0
piisdP˜ (s, Ti).
The restriction to finite trading strategies could be generalized by using methods from large
financial markets, which is done in Klein, Schmidt, and Teichmann (2016), or by allowing
for continuous trading within the set of all maturities as in Bjo¨rk, Di Masi, Kabanov, and
Runggaldier (1997). However, we hold on to finite trading strategies, since such a generalization
is not the objective of the model.
The concept of arbitrage intuitively describes the fact of making something out of nothing
or, more detailed, getting the chance to win money without any risk of losing some. Since we
are dealing with more than one measure, we need to consider a definition slightly different from
the classical one. The following is the one chosen in other models using a set of beliefs, like
Vorbrink (2014).
Definition 3.2. An admissible market strategy (pi, T ) is called arbitrage strategy if it holds
v˜τ (pi, T ) ≥ 0 quasi-surely and P
(
v˜τ (pi, T ) > 0
)
> 0 for at least one P ∈ P.
Moreover, we say that the market is arbitrage-free if there is no arbitrage strategy.
So this is actually a weaker version than requiring that the strategy has to be an arbitrage in
the classical sense with respect to all measures, since the probability of a strictly positive win
has not to be strictly positive under each measure.
A standard result of the theory of financial markets is that a market is arbitrage-free if (and
only if) the traded quantities on the market are martingales under a measure equivalent to the
real world measure. Indeed, the common practice in short rate models is martingale modeling,
since bond markets are incomplete. This means that there is not a unique martingale measure
but many of them. Thus, one usually supposes that the short rate satisfies certain dynamics
under a given martingale measure. Then the bond prices are chosen such that the discounted
bond prices are martingales with respect to the exogenously given measure in order to exclude
arbitrage.
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In the case of volatility uncertainty, the set of beliefs contains mutually singular measures.
Hence, we have to choose a different approach. General results on no-arbitrage in a financial
market under a nondominated set of beliefs can be found in Bouchard and Nutz (2015), for the
discrete-time case, or Biagini, Bouchard, Kardaras, and Nutz (2017), for the continuous-time
case. In such a framework, the absence of arbitrage is equivalent to the existence of a set of
martingale measures which is in some sense equivalent to the set of beliefs.
Hence, if we want to follow the martingale modeling approach, we need to choose the bond
prices such that the discounted bond prices are martingales under each measure in the set of
beliefs, which is equivalent to being a symmetric G-martingale under Eˆ. The sufficiency of this
condition is shown in the following proposition.
Proposition 3.1. The market is arbitrage-free if the discounted bond price process (P˜ (t, T ))t
is a symmetric G-martingale under Eˆ for all T ∈ [0, τ ].
Proof. Let (P˜ (t, T ))t be a symmetric G-martingale under Eˆ for all T ∈ [0, τ ]. Then, by the
results on G-martingale decomposition from Song (2011), we know that, for all T ∈ [0, τ ], there
exists a process HT ∈M2G(0, T ) such that
P˜ (t, T ) = P˜ (0, T ) +
∫ t
0
HTs dBs.
Now let us suppose that there is an arbitrage strategy (pi, T ). Thus, we know
v˜τ (pi, T ) ≥ 0 quasi-surely and P
(
v˜τ (pi, T ) > 0
)
> 0 for at least one P ∈ P,
which implies
Eˆ[v˜τ (pi, T )] > 0.
Apart from that, the sublinearity of Eˆ and the first step of the proof imply
Eˆ[v˜τ (pi, T )] ≤
n∑
i=1
Eˆ
[ ∫ Ti
0
piisH
Ti
s dBs
]
= 0.
Therefore, we obtain a contradiction, that shows that there is no arbitrage strategy.
Unfortunately, we can show that the no-arbitrage condition from Proposition 3.1 cannot
be satisfied. The reason is that the discounted bond price cannot be a martingale under each
measure in the set of beliefs. This fact can be easily deduced from the expression for the bond
prices in the standard Hull-White model, as the next theorem shows.
Theorem 3.1. There is no bond price process (P (t, T ))t, satisfying P (T, T ) = 1, such that the
discounted bond price process (P˜ (t, T ))t is a symmetric G-martingale under Eˆ.
Proof. Suppose that the discounted bond (P˜ (t, T ))t is a symmetric G-martingale. Together
with the terminal condition P (T, T ) = 1, this implies
P˜ (0, T ) = Eˆ[P˜ (T, T )] = Eˆ[e−
∫ T
0
rsds] = sup
P∈P
EP [e
−
∫ T
0
rsds]
and
P˜ (0, T ) = −Eˆ[−P˜ (T, T )] = −Eˆ[−e−
∫ T
0
rsds] = inf
P∈P
EP [e
−
∫ T
0
rsds].
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Hence, it holds
sup
P∈P
EP [e
−
∫ T
0
rsds] = inf
P∈P
EP [e
−
∫ T
0
rsds]. (1)
Now we show that this yields a contradiction. For this purpose, we consider a measure P σ
induced by a constant volatility σ ∈ [σ, σ]. Thus, we have P σ ∈ P, since σ ∈ A. Furthermore,
we know that the expectation in (1) under the measure P σ is the bond price from the standard
Hull-White model at the initial time. The expression for the bond price can be found in Bjo¨rk
(2009), for example, and is given by
P (t, T ) = eA
σ(t,T )−B(t,T )rt ,
where
Aσ(t, T ) =
∫ T
t
(
1
2
σ2B(s, T )2 − µ(s)B(s, T )
)
ds
and
B(t, T ) = 1
α
(1− e−α(T−t)).
Hence, if we consider the measures P σ¯ and P σ˜ induced by different constant volatilities σ¯, σ˜ ∈
[σ, σ] such that σ¯ 6= σ˜, we get P σ¯, P σ˜ ∈ P and
EP σ¯ [e
−
∫ T
0
rsds] 6= EP σ˜ [e−
∫ T
0
rsds],
which is a contradiction to (1).
Therefore, we deduce that we need to consider another sublinear expectation in order to find
discounted bond prices which are symmetric G-martingales.
4 Extended G˜-Expectation Space
In this section, we extend the probability space to add an additional dimension. By repeating
the procedure from Section 2, we obtain an extended G-expectation space. The extension
enables us to use the Girsanov transformation from Hu, Ji, Peng, and Song (2014) to get a
somehow “equivalent” sublinear expectation under which we can still exclude arbitrage if the
discounted bonds are symmetric G-martingales.
Let (Ω˜, F˜ , P˜ ) be a probability space such that Ω˜ := C0
(
R+,R
2
)
, F˜ := B(Ω˜), and P˜ is the
Wiener measure on Ω˜. Furthermore, we denote by B˜ = (B˜t)t = (Bt, B˙t)t the canonical process,
which is a 2-dimensional Brownian motion under P˜ . Additionally, let (F˜t)t be the filtration
generated by B˜ completed by all P˜ -null sets.
The state space of the volatility is now given by
Σ :=
{
γ ∈ R2×2
∣∣∣γ11 = γ−121 = σ and γ12 = γ22 = 0 for σ ∈ [σ, σ]
}
,
which is a non-empty, bounded and closed subset of R2×2. Again, we denote by A˜ the collection
of all Σ-valued, progressively measurable processes γ = (γt)t. For each γ ∈ A˜, we define the
process B˜γ = (B˜γt )t by
B˜γt :=
∫ t
0
γsdB˜s
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and the measure P γ to be the law of B˜γ, that is,
P γ := P˜ ◦ (B˜γ)−1
for all γ ∈ A˜. Furthermore, we denote by P˜ the closure of {P γ|γ ∈ A˜} under the topology of
weak convergence, which is the extended set of beliefs.
As in Section 2, we define a sublinear expectation EˆG˜ as the upper expectation of P˜ , i.e.,
Eˆ
G˜[X ] := sup
P∈P˜
EP [X ]
for all F˜-measurable X such that EP [X ] exists for all P ∈ P˜. Then EˆG˜ corresponds to the
G˜-expectation on L1
G˜
(Ω˜) by Denis, Hu, and Peng (2011) and B˜ is a G˜-Brownian motion on the
G˜-expectation space (Ω˜, L1
G˜
(Ω˜), EˆG˜), where the sublinear function G˜ is given by
G˜(A) = 1
2
sup
γ∈Σ
tr(γγTA) = 1
2
sup
σ∈[σ2,σ2]
tr
(
A
(
σ 1
1 σ−1
))
for A ∈ S2, which is the space of all symmetric 2× 2 matrices.
Hence, the G˜-expectation space (Ω˜τ , L
1
G˜
(Ω˜τ ), Eˆ
G˜) corresponds to the extended G˜-expectation
space in Hu, Ji, Peng, and Song (2014), which allows us to use their Girsanov transformation
for G-Brownian motion. First of all, we know that the two sublinear expectations are equal to
each other on the initial domain, i.e.,
Eˆ[X ] = EˆG˜[X ]
for all X ∈ L1G(Ω). Moreover, for β > 1, we can define the sublinear expectation E˜ on LβG(Ωτ )
by
E˜t[X ] := E−1t EˆG˜t [EτX ],
where E˜t, respectively, Eˆ
G˜
t denotes the conditional sublinear expectation and E = (Et)t is given
by
Et = exp
(∫ t
0
λsdB˙s − 12
∫ t
0
λ2sd〈B˙〉s
)
for some bounded process λ ∈ MβG(0, τ). By the results from Hu, Ji, Peng, and Song (2014),
we get that
B¯t := Bt −
∫ t
0
λsds
is a G-Brownian motion under E˜. Thus, the short rate evolves according to the dynamics
rt = r0 +
∫ t
0
(
µ(s)− αrs + λs
)
ds+ B¯t
after the Girsanov transformation.
Since the sublinear expectation E˜ is equivalent to the initial one, we can still exclude arbi-
trage if the discounted bonds are symmetric G-martingales under E˜. Here we use the notion of
equivalence, because E˜ has a density E with respect to EˆG˜, without referring to null sets.
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Proposition 4.1. The market is arbitrage-free if the discounted bond price process (P˜ (t, T ))t
is a symmetric G-martingale under E˜ for all T ∈ [0, τ ].
Proof. Let (P˜ (t, T ))t be a symmetric G-martingale under E˜ for all T ∈ [0, τ ]. As in the proof
of Proposition 3.1, we can show that
P˜ (t, T ) = P˜ (0, T ) +
∫ t
0
HTs dB¯s
for some HT ∈M2G(0, T ).
Now assume that there is an arbitrage strategy (pi, T ). Hence, we get
Eˆ
G˜[v˜τ (pi, T )] = Eˆ[v˜τ (pi, T )] > 0,
since v˜τ (pi, T ) ∈ L2G(Ω). Additionally, we know that Eτ > 0 P˜-quasi surely, which yields
E˜[v˜τ (pi, T )] = Eˆ
G˜[v˜τ (pi, T )] > 0.
Then we can use the arguments from the proof of Proposition 3.1 to get
E˜[v˜τ (pi, T )] ≤
n∑
i=1
E˜
[ ∫ Ti
0
piisH
Ti
s dB¯s
]
= 0,
which yields the contradiction.
Therefore, by Proposition 4.1, we can try to find an arbitrage-free term structure under E˜.
Precisely, this means we can use the Girsanov transformation to modify the dynamics of the
short rate such that the discounted bond prices become symmetric G-martingales.
5 Arbitrage-Free Term Structure
In the end, we provide a framework in which the arbitrage-free term structure is uniquely
determined. That is, we specify the process λ from Section 4 by some intuitive, respectively,
economical arguments. Under this particular choice, there is a unique expression for the bond
prices such that the discounted bond prices are symmetric G-martingales.
In the proof of Theorem 3.1, it can be seen that the discounted bond is not a symmetric
G-martingale under Eˆ, since the expectation EP [e
−
∫ T
0
rsds] is not the same for all P ∈ P. The
reason is that the short rate has a different volatility under each measure in the set of beliefs.
So in order to unify the expectation under each measure, we have to adjust the short rate by
the uncertainty about the volatility.
In particular, we want to use the variance of the short rate for this adjustment. However,
the variance is not deterministic but uncertain. Therefore, we use a process that corresponds
to the variance under each measure. Precisely, we set
λt :=
∫ t
0
e−2α(t−s)d〈B〉s,
since we have the following identity, which characterizes the variance process. By using the
representation of the short rate from Section 2 and a result from Peng (2010), we obtain
Eˆ[(rt − Eˆ[rt])2] = Eˆ
[( ∫ t
0
e−α(t−s)dBs
)2]
= Eˆ
[ ∫ t
0
e−2α(t−s)d〈B〉s
]
.
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Another important observation is that the process λ satisfies the dynamics
λt = 〈B〉t − 2
∫ t
0
λsds,
that is, it mean reverts twice as fast as the short rate towards the quadratic variation of the
G-Brownian motion. So the process always adjusts to the “correct” belief about the volatility,
which is unknown before the current time t.
From an economical point of view, this choice is reasonable as well. In general, the process
(−λt)t is called the market price of risk in financial models, since it measures how much better
we are doing with a bond compared to investing in the money-market account per one unit of
risk. So we use a negative market price of risk, since the bonds are not risky in this model.
They have a certain payoff of 1 at the maturity, i.e., there is no default risk. On the other
hand, investing in the money-market account is risky, because the short rate is stochastic and
uncertain. Hence, we use the variance of the short rate to measure the risk and uncertainty of
the money-market account. So one may also refer to (−λt)t as the market price of uncertainty.
Under the above choice for the process λ, there is a unique expression for the bond price
such that the discounted bond is a symmetric G-martingale.
Theorem 5.1. Let (P (t, T ))t be the bond price process, satisfying P (T, T ) = 1. Then the
discounted bond price process (P˜ (t, T ))t is a symmetric G-martingale under E˜ if and only if
P (t, T ) = exp
(
A(t, T )−B(t, T )rt − 12B(t, T )2λt
)
,
where the functions A and B are given by
A(t, T ) = −
∫ T
t
µ(s)B(s, T )ds
and
B(t, T ) = 1
α
(1− e−α(T−t)).
Proof. First of all, we suppose that the bond price is given by the expression from above. Then
the conditions A(T, T ) = 0 and B(T, T ) = 0 imply that the bond price satisfies the terminal
condition P (T, T ) = 1. Moreover, define the process MT = (MTt )t≤T by
MTt := exp
(
A(t, T )−B(t, T )rt − 12B(t, T )2λt −
∫ t
0
rsds
)
.
Thus, we know that
P˜ (t, T ) = MTt
and we can apply Itoˆ’s formula to MT to obtain
MTt =M
T
0 +
∫ t
0
∆Ts P˜ (s, T )ds−
∫ t
0
B(s, T )P˜ (s, T )dBs +
∫ t
0
ΛTs P˜ (s, T )d〈B〉s,
where the drift terms ∆T and ΛT are given by
∆Tt =∂tA(t, T )− ∂tB(t, T )rt − B(t, T )∂tB(t, T )λt
− B(t, T )(µ(t)− αrt) +B(t, T )2αλt − rt
=
(
∂tA(t, T )− µ(t)B(t, T )
)− (∂tB(t, T )− αB(t, T ) + 1)rt
− B(t, T )(∂tB(t, T )− αB(t, T ))λt
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and
ΛTt =− 12B(t, T )2 + 12B(t, T )2 = 0.
Since the functions A and B are satisfying
∂tA(t, T ) = µ(t)B(t, T )
and
∂tB(t, T ) = αB(t, T )− 1,
we get
P˜ (t, T ) =P˜ (0, T ) +
∫ t
0
B(s, T )λsP˜ (s, T )ds−
∫ t
0
B(s, T )P˜ (s, T )dBs
=P˜ (0, T )−
∫ t
0
B(s, T )P˜ (s, T )dB¯s.
Apart from that, it is easy to show that P˜ (t, T ) ∈ L2G(Ωt), which finally shows that (P˜ (t, T ))t
is a symmetric G-martingale under E˜.
To show the converse statement, we suppose that (P˜ (t, T ))t is a symmetric G-martingale
under E˜ such that P (T, T ) = 1. This implies that
P˜ (t, T ) = E˜t[P˜ (T, T )] = E˜t[e
−
∫ T
0
rsds].
However, the process MT is a symmetric G-martingale as well, which yields
MTt = E˜t[M
T
T ] = E˜t[e
−
∫ T
0
rsds].
Hence, we have
P˜ (t, T ) =MTt ,
which is equivalent to
P (t, T ) = exp
(
A(t, T )− B(t, T )rt − 12B(t, T )2λt
)
as it is claimed.
Now we are able to compare the expression for the bond prices with the one from the
classical model without volatility uncertainty, which is cited in the proof of Theorem 3.1. We
see that the squared term, depending on the volatility, is missing in A. Instead, we have an
additional part in the exponential, depending on the market price of uncertainty. In contrast
to classical affine models, the bond price is now affine with respect to the short rate and the
market price of uncertainty.
The most important implications of the prices in this model are as follows. Primarily, we
do not have to estimate the volatility for the evolution of the short rate in the future. The
prices do not even depend on the bounds for the volatility, which is the case in most of the
models dealing with pricing under Knightian uncertainty. Admittedly, there is a price we have
to pay for this. We have to know the evolution of the G-Brownian motion in the past, since
the bond price depends on the quadratic variation of the G-Brownian motion. So this would
result in estimating the quadratic variation of the short rate from the past, which can be done.
Alternatively, one could also estimate the variance of the short rate as an approximation for
the market price of uncertainty.
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6 Yield Curve Fitting
Before concluding, we show how to fit the bond prices to the initial term structure, since it is
interesting for the application of the model. It is also intersting that the dynamics of the short
rate and the bond prices are surprisingly similar to those in the classical model after fitting the
model.
First of all, we assume that there is an initial forward curve T → f ∗(0, T ), which is observed
on the market and which is assumed to be differentiable. Now we want to derive an expression
for the mean reversion level µ such that the theoretical forward rate of the model, which is
defined by
f(t, T ) := −∂T logP (t, T ),
matches the observed one. If we use the expression for the bond price from Theorem 5.1, we
get
f(0, T ) =∂T
(∫ T
0
µ(s)B(s, T )ds+B(0, T )r0 +
1
2
B(0, T )2λ0
)
=
∫ T
0
µ(s)∂TB(s, T )ds+B(T, T ) + ∂TB(0, T )r0 +B(0, T )∂TB(0, T )λ0
=
∫ T
0
µ(s)e−α(T−s)ds+ e−αT r0.
So, in order to fit the model, we need to find a mean reversion level µ, satisfying
f ∗(0, T ) =
∫ T
0
µ(s)e−α(T−s)ds+ e−αT r0,
which is equivalent to
eαT f ∗(0, T ) =
∫ T
0
µ(s)eαsds+ r0.
Differentiating the equation with respect to T yields
αeαTf ∗(0, T ) + eαT∂T f
∗(0, T ) = µ(T )eαT .
Hence, the mean reversion level is given by
µ(t) = αf ∗(0, t) + ∂tf
∗(0, t).
Now we notice that the dynamics of the short rate, after inserting the above condition, are
of the form
rt = r0 +
∫ t
0
(
αf ∗(0, s) + ∂sf
∗(0, s) +
∫ s
0
e−2α(s−u)d〈B〉u − αrs
)
ds+ B¯t.
Indeed, these are the same dynamics than the ones in the (fitted) Hull-White model1 if there
is no volatility uncertainty, i.e., if σ = σ.
Furthermore, we can show that the bond prices in this model are of the same form too. If
we use the mean reversion level from above, we get
A(t, T ) = −
∫ T
t
αf ∗(0, s)B(s, T )ds−
∫ T
t
∂sf
∗(0, s)B(s, T )ds,
1See Subsection 3.3.1 in Brigo and Mercurio (2007).
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where
−
∫ T
t
αf ∗(0, s)B(s, T )ds = −
∫ T
t
f ∗(0, s)ds+
∫ T
t
f ∗(0, s)e−α(T−s)ds
and
−
∫ T
t
∂sf
∗(0, s)B(s, T )ds =− f ∗(0, T )B(T, T ) + f ∗(0, t)B(t, T )
+
∫ T
t
f ∗(0, s)∂sB(s, T )ds
=f ∗(0, t)B(t, T )−
∫ T
t
f ∗(0, s)e−α(T−s)ds.
Thus, we have
A(t, T ) = −
∫ T
t
f ∗(0, s)ds+ f ∗(0, t)B(t, T ),
which leads to the same bond prices than in the Hull-White model2 if σ = σ.
Hence, the expression for the market price of uncertainty appearing in the short rate dy-
namics is actually inclueded in the dynamics of the classical model after fitting the theoretical
prices to the observed ones. This gives another justification for choosing it in this particu-
lar way. However, the interesting thing is that in the classical model, this expression is used
for yield curve fitting, whereas in this model, the expression is needed in order to have an
arbitrage-free model.
7 Conclusion
The paper shows how to construct a short rate model which is robust with respect to the
choice of volatility by using Knightian uncertainty. The key feature of volatility uncertainty
is that it is represented by a nondominated set of measures, which complicates the discussion
about arbitrage. Therefore, one has to be careful when the prices on the bond market are
determined. The problematic can be overcome by changing the dynamics for the short rate in
a very particular way, which can also be justified by some economical arguments. After all,
the model is still consistent with the traditional one without volatility uncertainty if we fit the
bond prices to the current term structure.
Appendix
A Sublinear Expectations and G-Brownian Motion
In this section, we give a short introduction to the calculus of G-Brownian motion, including the
construction of stochastic integrals. The definition and construction of a G-Brownian motion
requires knowledge in the theory of sublinear expectation spaces and distributions on them.
The G-normal distribution is essential to describe the behavior of the G-Brownian motion.
Further results can be found in Peng (2010) as well as the proofs, which are not given in this
section.
2See Subsection 3.3.2 in Brigo and Mercurio (2007).
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A.1 Sublinear Expectation Spaces
Let Ω be a given space and H is a space of real valued functions defined on Ω. H is supposed
to satisfy
ϕ(X1, ..., Xn) ∈ H if X1, ..., Xn ∈ H
for all ϕ ∈ Cl,Lip(Rn), where Cl,Lip(Rn) is the linear space of functions ϕ satisfying
|ϕ(x)− ϕ(y)| ≤ C(1 + |x|m + |y|m)|x− y|
for all x, y ∈ Rn for some C > 0 and m ∈ N, both depending on ϕ. X = (X1, ..., Xn) is called
n-dimensional random vector, denoted by X ∈ Hn.
Definition A.1. A sublinear expectation Eˆ is a functional Eˆ : H → R satisfying, for all
X, Y ∈ H,
(i) Monotonicity:
Eˆ[X ] ≥ Eˆ[Y ] if X ≥ Y,
(ii) Constant preserving:
Eˆ[c] = c for c ∈ R,
(iii) Sub-additivity:
Eˆ[X + Y ] ≤ Eˆ[X ] + Eˆ[Y ],
(iv) Positive homogeneity:
Eˆ[λX ] = λEˆ[X ] for λ ≥ 0.
The tripel (Ω,H, Eˆ) is called a sublinear expectation space.
Similar to the classical case, it is possible to show the following useful inequalities, which
enable us to take the completion of a sublinear expectation space.
Proposition A.1. For X, Y ∈ H and 1 < p, q <∞ such that 1
p
+ 1
q
= 1, we have
Eˆ[|XY |] ≤ Eˆ[|X|p] 1p Eˆ[|Y |q] 1q
and
Eˆ[|X + Y |p] 1p ≤ Eˆ[|X|p] 1p + Eˆ[|Y |p] 1p .
In particular, for 1 ≤ p < p′, we have
Eˆ[|X|p] 1p ≤ Eˆ[|X|p′] 1p′ .
For a fixed p ≥ 1, we can take Hp0 = {X ∈ H : Eˆ[|X|p] = 0} as our null-space, which is a
linear subspace of H, and introduce the quotient space H/Hp0. For every {X} ∈ H/Hp0 with
a representation X ∈ H, we can define the sublinear expectation Eˆ[{X}] := Eˆ[X ]. If we set
||X||p := Eˆ[|X|p]
1
p , we get that || · ||p is a norm on H/Hp0 by Proposition A.1. Hence, we can
extend H/Hp0 to its completion Hˆp under this norm.
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Furthermore, we introduce the mapping + : H → H, defined by X+ := max{X, 0}, which
can be continuously extended to Hˆp, since it is a contraction mapping by the inequality
|X+ − Y +| ≤ |X − Y |.
Thus, we can define a partial order ≥ on Hˆp, that is, we write X ≥ Y if X − Y = (X − Y )+.
Since it holds
|Eˆ[X ]− Eˆ[Y ]| ≤ Eˆ[|X − Y |] ≤ ||X − Y ||p,
for X, Y ∈ H, the sublinear expectation Eˆ can be continuously extended to Hˆp as well, on
which it is still a sublinear expectation.
A.2 G-Normal Distribution
First of all, we introduce the notion of distributions and independence on sublinear expectation
spaces.
Definition A.2. Let X and Y be two random variables defined on a sublinear expectation space
(Ω,H, Eˆ). They are called identically distributed, denoted by X d= Y , if
Eˆ[ϕ(X)] = Eˆ[ϕ(Y )]
for all ϕ ∈ Cl,Lip(R).
Definition A.3. In a sublinear expectation space (Ω,H, Eˆ) a random vector Y ∈ Hn is said
to be independent from another random vector X ∈ Hm under Eˆ(·) if for each test function
ϕ ∈ Cl,Lip(Rm+n) it holds
Eˆ[ϕ(X, Y )] = Eˆ[Eˆ[ϕ(x, Y )]x=X ].
The previous definitions allow us to define the G-normal distribution, which is a generaliza-
tion of the centralized normal distribution. It can be used to represent the variance uncertainty
of a random variable.
Definition A.4. A random variable X on a sublinear expectation space (Ω,H, Eˆ) is called
G-normal distributed if
aX + bX¯
d
=
√
a2 + b2X
for a, b ≥ 0, where X¯ is an independent copy of X.
In order to characterize the distribution of G-normal distributed random variables, we define
the sublinear, monotonic function G : R→ R by
G(a) := 1
2
Eˆ[X2a].
Since G is also continuous, it can be shown that there exists a bounded, convex, and closed
subset [σ2, σ2] ⊂ R such that
G(a) = 1
2
sup
σ∈[σ2,σ2]
{σa}.
In this case, we say that the random variable is N ({0}, [σ2, σ2])-distributed.
Conversely, it can also be shown that for an arbitrary sublinear, monotonic, and continu-
ous function there exists a G-normal distributed random variable, satisfying the same G. In
particular, this proves the existence of G-normal distributed random variables.
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Proposition A.2. Let G : R→ R be a given sublinear, monotonic function, which is continu-
ous. Then there exists a G-normal distributed random variable X on some sublinear expectation
space (Ω,H, Eˆ) satisfying
G(a) = 1
2
Eˆ[X2a].
Similar to the standard normal distribution, the expectation of a G-normal distributed
random variable can be described by a partial differential equation, which is in this case called
the G-heat equation.
Proposition A.3. For a G-normal distributed random variable X and a function ϕ ∈ Cl,Lip(R),
we define
u(t, x) := Eˆ[ϕ(x+
√
tX)]
for (t, x) ∈ [0,∞)× R. Then u is the unique viscosity solution of
∂tu−G(∂2xu) = 0
with boundary condition u|t=0 = ϕ.
A.3 G-Brownian Motion
Before introducing the G-Brownian motion, we determine what is meant by a stochastic process.
Definition A.5. Let (Ω,H, Eˆ) be a sublinear expectation space. (Xt)t is called stochastic process
if Xt is a random variable in H for all t ≥ 0.
The definition of a G-Brownian motion is similar to the one of the standard Brownian motion
with the difference that the increments are now G-normal distributed.
Definition A.6. A stochastic process (Bt)t on a sublinear expectation space (Ω,H, Eˆ) is called
a G-Brownian motion if
(i) B0(ω) = 0,
(ii) For each t, s ≥ 0, the increment Bt+s−Bt is N ({0}, s[σ2, σ2])-distributed and is indepen-
dent from (Bt1 , ..., Btn) for each n ∈ N and 0 ≤ t1 ≤ ... ≤ tn ≤ t.
In order to construct a G-Brownian motion, we set Ω := C0(R+) and ΩT := {ω·∧T : ω ∈ Ω}
for a fixed T ∈ R+. Moreover, we define the canonical process Bt(ω) := ωt and the spaces
Lip(ΩT ) := {ϕ(Bt1∧T , ..., Btn∧T ) : n ∈ N, t1, ..., tn ∈ R+, ϕ ∈ Cl,Lip(Rn)}
and
Lip(Ω) :=
∞⋃
n=1
Lip(Ωn).
Now we construct a sublinear expectation on (Ω, Lip(Ω)) such that the canonical process (Bt)t
is a G-Brownian motion. Let {ξi}∞i=1 be a sequence of N ({0},Σ)-distributed random variables
on a sublinear expectation space (Ω˜, H˜, E˜) such that ξi+1 is independent from (ξ1, ..., ξi) for
all i ∈ N. Then we can introduce a sublinear expectation Eˆ on (Ω, Lip(Ω)) by the following
procedure. For each X ∈ Lip(Ω) with
X = ϕ(Bt1 −Bt0 , ..., Btn − Btn−1)
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for some ϕ ∈ Cl,Lip(R) and 0 = t0 < t1 < ... < tn <∞, we set
Eˆ[ϕ(Bt1 − Bt0 , ..., Btn − Btn−1)] := E˜[ϕ(
√
t1 − t0ξ1, ...,
√
tn − tn−1ξn)].
Then we get that Eˆ is a sublinear expectation on (Ω, Lip(Ω)) and (Bt)t is a G-Brownian motion
under Eˆ. In particular, Eˆ is called G-expectation.
Furthermore, we denote by LpG(Ω) and L
p
G(ΩT ), for p ≥ 1, the completions of Lip(Ω) and
Lip(ΩT ) under the norm ||X||p := Eˆ[|X|p]
1
p , respectively. According to Subsection A.1, the
G-expectation Eˆ can be continuously extended to a sublinear expectation on (Ω, LpG(Ω)) still
denoted by Eˆ.
A.4 Stochastic Integrals
For the purpose of defining integrals with respect to a G-Brownian motion, we start by con-
structing the space of simple processes. For fixed p ≥ 1 and T ∈ R+, we denote by Mp,0G (0, T )
the collection of processes of the form
ηt(ω) =
N−1∑
k=0
ξk(ω)1[tk,tk+1)(t),
where ξk ∈ LpG(Ωtk) and 0 = t0 < t1 < ... < tN = T . For η ∈ Mp,0G (0, T ), the related Bochner
integral is defined by
∫ T
0
ηt(ω)dt :=
N−1∑
k=0
ξk(ω)(tk+1 − tk).
We denote by MpG(0, T ) the completion of M
p,0
G (0, T ) under the norm
||η||Mp
G
(0,T ) := Eˆ
[ ∫ T
0
|ηt|pdt
] 1
p
.
In particular, we can define the stochastic integral
∫ T
0
ηtdBt ∈ L2G(ΩT ) for all η ∈M2G(0, T )
and we have the following result.
Lemma A.1. For η ∈M2G(0, T ), we have
Eˆ
[ ∫ T
0
ηtdBt
]
= 0
and
Eˆ
[∣∣ ∫ T
0
ηtdBt
∣∣2] ≤ σ2Eˆ[
∫ T
0
|ηt|2dt
]
.
A.5 Quadratic Variation Process
First of all, we denote by piN a sequence of partitions of [0, t] such that
lim
N→∞
max
tk∈piN
{|tk+1 − tk|} = 0.
Then we define the quadratic variation of the G-Brownian motion by
〈B〉t := lim
N→∞
∑
tk∈piN
(Btk+1 − Btk)2.
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In fact, we know that the limit is well-defined, since we have the identity
∑
tk∈piN
(Btk+1 − Btk)2 = B2t −
∑
tk∈piN
2Btk(Btk+1 −Btk),
where the sum on the right-hand side converges to 2
∫ t
0
BsdBs in L
2
G(Ω). The quadratic variation
process is an increasing process with 〈B〉0 = 0, which, in contrast to the classical case, is not
deterministic but uncertain.
In addition, it is possible to define the integral
∫ T
0
ηtd〈B〉t ∈ L1G(ΩT ) for all η ∈ M1G(0, T )
and to show the following inequality.
Lemma A.2. For η ∈M1G(0, T ), we have
Eˆ
[∣∣ ∫ T
0
ηtd〈B〉t
∣∣] ≤ σ2Eˆ[
∫ T
0
|ηt|dt
]
.
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